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For Wiener- and Feynman integrals over paths with certain topological properties we 
compare various methods for explicit calculation. This leads to a one-to-one correspondence 
between the Aharonov-Bohm effect and a certain polymer entanglement problem. We briefly 
comment on two generalizations of the Aharonov-Bohm effect. First, we consider this effect due 
to a closed magnetic flux loop of arbitrary shape; next, we consider the combined effect due to a 
gas of microscopic magnetic flux loops. 
I. Introduction 
In recent  years theoret ical  phys ics  has been conf ronted with some prob-  
lems which are of a topological  nature. These prob lems arose for the first t ime 
in quantum mechanics  in the context  of the Aharonov-Bohm effect, and later 
in the study of entangled polymers.  They crop up also in molecular  biology.  In 
this note we show that a pro found relat ion exists between the topological  
prob lems in quantum- and po lymer  phys ics  and we develop the path- integral  
formal ism that descr ibes  them both in a natural  way. 
The Aharonov-Bohm effect demonst rates  that the magnet ic  vector  poten-  
tial can have observab le  consequences  for an e lectron that passes through a 
region in space in which the magnet ic  field vanishes.  The l i terature on this 
surpr is ing effect has been rev iewed in detai l  by Kobe~). In the usual geometry  
one cons iders  an infinitely long and inf initesimally thin, straight cy l inder  
which contains a magnet ic  flux 4~. E lectrons pass on either side of this 
cyl inder.  When a screen is p laced a large d istance behind the cy l inder  one 
observes  an inter ference pattern,  unless 
eqb = 0, ÷1,  +2 . . . .  (1.1) 
hc - - ' 
where e <0 denotes the e lectron 's  charge, h P lanck 's  constant  and c the 
speed of light. When this equal i ty  does not hold an inter ference pattern is 
observed on the screen. This pattern is caused by the presence of a vector  
potent ia l  in that part  of space where the e lectrons move.  Note that the 
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magnetic field is zero in this part of space; hence no Lorentz force acts on the 
electron. 
At first glance it is not obvious that the Aharonov-Bohm effect is caused by 
the topology of the electron paths. This becomes clear only when this 
problem is formulated in the language of path integrals, as was done for the 
first time by Gerry and Singh2). In section 2 we shall consider this effect in a 
more general geometry in which the magnetic flux is confined to some 
arbitrary, infinitesimally thin, closed, fixed curve D in space, and we shall 
allow the presence of non-magnetic forces between the electron and this 
curve. It will be shown for this general case that the Aharonov-Bohm effect is 
caused by the coincidence of two facts: (a) The curve D divides the collection 
of electron paths into an infinite number of topologically inequivalent classes; 
(b) Because of the way in which the vector potential enters into the Lagran- 
gian for the electron the contributions of the different classes to the Green 
function differ in phase, unless condition (1.1) is fulfilled. 
The topological aspect is more immediately obvious in the problem of 
polymer entanglements. For example, the elastic properties of a closed 
ring-shaped polymer can differ considerably from those of a linear polymer. 
This difference is caused by the fact that the configurations of a closed 
polymer can be divided into a large number of topologically inequivalent 
classes. In the following pages we shall specifically consider two problems: (a) 
A closed polymer is entangled with some arbitrary, closed, fixed curve D in 
space; (b) A closed polymer is entangled with itself. In both cases one is 
especially interested in calculating the thermodynamic functions of the 
polymer, and the apriori probability of the different opological classes. For a 
general review of polymer entanglement calculations the reader is referred to 
two papers by the author"4). 
At the beginning of the introduction we noted that topological problems 
crop up also in molecular biology. Although we shall not discuss these 
problems thoroughly in this paper we will comment briefly on them now. 
Topological problems which arise in connection with the conformation and 
replication of DNA have been studied especially by FullerS'6), Crick 7) and 
Pohl and RobertsS). Consider a piece of double-stranded DNA. Following 
Crick we can represent his molecule by a ribbon, where the edges of the 
ribbon are the centers of the two strands. There is also a line along the center 
of the ribbon; this will be called the axis of the ribbon. For biochemical 
reasons one needs to consider only closed ribbons which join back on 
themselves in such a way that each edge joins only with itself. This excludes, 
for example, a M6bius strip. There are now three distinct concepts which 
describe the topology of this circular, double-stranded DNA molecule; (a) the 
linking number L; (b) the twist T; (c) the writhing number  W. The first two of 
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these are properties of the ribbon, but the last one is a property only of the 
axis of the ribbon. Moreover, these three concepts turn out to be related by 
the simple relation W = L - T. We shall not pursue these matters any further, 
but merely state that the linking number L plays a role both in the Aharonov- 
Bohm effect and in the theory of polymer entanglements. 
2. The Aharonov-Bohm effect 
In this section we calculate the propagator of an electron in an external field 
which consists of a magnetic field H(r), with vector potential A(r), to which 
some other conservative field with scalar potential V(r) is added. The 
Lagrangian is given by the expression (cf. ref. 9) 
1 .z e__~ 
Af=~mr +c  .A -V ,  (2.1) 
where m denotes the electron mass. The propagator between space-time point 
(i) -= (ri, ti) and (f) -= (rf, tt) is given by the Feynman path integral (cf. ref. 10) 
(f) tf 
G(f I i) = f exp(~ ~ ~£[r(t)]dt)d[r(t)], (2.2) 
(i) t i 
where the integration is performed over all electron paths r(t) which connect 
(i) and (f) in space-time. We are interested in the Aharonov-Bohm effect due 
to a magnetic flux q~ confined to an infinitesimally thin solenoid the axis of 
which has the form of a closed continuous directed curve D. The vector 
potential is given by 
cb I "  
Ir-sl-3ds × ( r -  s), (2.3) A(r) = 
D 
where ds denotes the line element of D. Now consider an arbitrary electron 
path r(t) in the path integral (2.2). Substituting (2.1) into (2.2) the term with 
the vector potential leads to a term in the exponential 
tf 
t i C 
where the line integral extends along the contour C traced out by the electron 
in space. This line integral has some very simple properties which can be 
found as follows: With the specific choice (2.3) div A = 0 everywhere in 
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space; curl A = 0 for r¢~ D. On D the curl of the vector potential diverges in 
such a way that 
~ A • dr = • (2.5) 
for every contour which winds around a line element of D once, in a direction 
which is connected to the vector representing the line element by the Maxwell 
right-hand rule. Hence, (2.4) can be written in the form 
f A.dr= f A .dr+nO, 
C Co 
(2.6) 
where Co denotes some standard contour - fo r  example, some curve which 
connects r~ with rf and which does not pass through D - and where the integer 
n equals the number of times that the closed loop C-Co winds through D. 
Combining the last relation with (2.1,2) one finds for the propagator the 
expression 
G(f,i, = ex.(  f A dr )  ,,2r, F~(f[i)exp(i~cn) ' (2.7a) 
('ll 
in which F, is defined as the constrained Feyman integral 
(f) tf 
F.(fli, = f exp{  f (2m - v) d,} dol.,,l.  27b, 
(i) t i 
which has to be extended over all trajectories which, when completed into a 
closed loop by adding -Co, wind exactly n times through D. 
The result (2.7, confirms some ideas which were formulated a decade ago 
by Schulman ~, and generalizes them to the Aharonov-Bohm effect of a 
curved solenoid of arbitrary shape, in the presence of other, conservative 
forces. If the quantization condition (1.1) holds the phase factors in (2.7a, all 
equal unity and the summation over n leads to 
G(f[ i '  = F(f[i) exp(~-~ f A" dr), (2.8, 
CO 
where F denotes the full, unconstrained, propagator for an electron in the 
scalar potential V, in the absence of the magnetic vector potential. Hence, in 
this case G will not show an Aharonov-Bohm effect. Of course, an inter- 
ference pattern might still appear due to the general phase factor 
TOPOLOGICALLY CONSTRAINED PATH INTEGRALS 613 
exp[(ie/hc)fco A .  dr] or as a result of electron scattering from the curve D 
under the influence of the scalar potential V. Such an interference pattern, 
however, is not an Aharonov-Bohm effect. 
3. Calculational techniques for constrained path integrals 
From a practical point of view the results of the preceeding section seem to 
provide little assistance in calculating Aharonov-Bohm interference patterns. 
In this section we discuss several different echniques to calculate topologic- 
ally constrained path integrals. These techniques will also play a role in the 
theory of polymer entanglements. 
First, one can try to solve the propagator directly from the Schr6dinger 
equation. This would amount o solving the eigenvalue problem 
~bk = Ek~k, (3.1) 
- '  
=2mki  - ,4 +V,  (3.2) 
and to expand the propagator as a sum over the orthonormal eigenfunctions 
G(fli) = ~ q~k(f)qJk(l) exp . (3.3) 
If this sum can be evaluated explicitly the result can be expanded in integer 
powers of the phase factor exp(ie~/hc). A glance at (2.7) shows that the 
coefficient of the nth power of this factor equals the Feynman path integral 
over the n-times entangled electron paths, times a trivial phase factor 
exp[(ie/hc)fco A .  dr]. A calculation of this type seems to be implied in 
footnote 1 of a recent letter by Bernido and Inomata12). 
Second, one can try to evaluate the constrained path integral directly as 
follows: Let S denote a surface of which D is the boundary. Orient this 
surface in such a way that the outward normal vector is related to the 
direction of D by the Maxwell right-hand rule. Let the symbol r 1' S denote 
the limit in which the point r approaches ome point of S moving along the 
direction of the outward normal vector. Similarly r J, S denotes the limit in 
which r approaches the same point of S moving in the opposite direction. It 
will be clear from these definitions that the constrained path integrals 
F,(r, t lri, ti) defined by (2.7b) are connected on the surface S by the following 
boundary conditions: 
l imF.(r, t I ri, ti) = limF,+l(r, t lri, ti), (r (: S). (3.4) 
r~S r~S 
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Similar relations hold for all partial derivatives. As all functions F,, should be 
solutions of the Schr6dinger equation with a scalar potential, but without the 
vector potential, the problem is reduced to solving a Schr6dinger equation 
which is much simpler than (3.1,2), but with the unusual boundary conditions 
(3.4). This method has been used by the author for the case in which D is an 
infinite straight line, both in the case where V =0 and in the case where 
V(r)- Cir2+ C2r ~ (cf. refs. 13 and 3). 
The results of the preceding method are in agreement with a calculation by 
Inomata and Singh t4) in which the constrained path integral is evaluated 
directly in polar coordinates. However, the method of these authors seems to 
be applicable only to the straight line geometry. 
The fourth method to evaluate a topologically constrained path integral 
uses an explicit expression for the entanglement index (Gauss' looping in- 
tegral, linking number) of D and the electron path C={r(t)lt,<t<tO 
=(4rr) '~dr .  ~] r - s [  2ds×(r  s). (3.5) L[C, D] 
(" 1) 
Comparison with (2.3) shows that the entanglement index can be written in 
terms of the vector potential 
L[C,D]=cb ~ ~ A.dr. (3.6) 
( 
Hence the constrained path integral can be written in the form 
(f~ tf 
F,(fli) f 8(n-~ I~A. dr)exp{ h V)dt } d[r(t)], (3.7) 
l it ( '  q 
where the integration now runs over all electron paths connecting (i) and (f). 
Writing 
8(x) = f exp(2wkxi) dk, (3.8) 
one finds 
F,(f[i) = f Fk(f[i) exp(2wnki) dk, (3.9) 
-L 
(f l  rf 
Fk(f ] i) = f exp f (~m; --~-A.i'-hk V) dtld[r(t)]. (3.10) 
li) h 
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Path integrals of the form (3.10) were studied more than a decade ago by the 
author (cf. refs. 15 and 16). They can be calculated using a differential 
equation very similar to, but not identical with, the original SchrSdinger 
equation (3.1). This method has been applied to the infinite straight line 
geometry 4) and leads to the same results as the three other methods. 
Finally, the reader should compare recent work by Brereton and Shah ~7) in 
which certain entanglement problems are recast as a local gauge invariant field 
theory. 
4. A dilute gas of magnetic flux loops 
In this section we consider the, probably fictitious, case in which space is 
filled with a dilute gas of microscopic loops of magnetic flux qb. Suppose loop 
k has position Rk and generates a vector potential Ak. The total vector 
potential is 
A(r) = ~ Ak(r). (4.1) 
k 
It is straightforward to verify that the considerations in section 2 can be 
generalized immediately, provided 
d ~ A <~ Irf -  ri[, (4.2) 
where d denotes the linear dimension of a loop and A the average distance 
between them. The propagator is given by 
/ ie~ 
G(fli) = exp(~-~ f A.  dr),~kiF{"#(fli) exp~ --~-c + nk), 
Co 
(4.3) 
in which F~,j denotes the constrained path integral over all those electron 
trajectories which connect (i) with (f) and which wind exactly t l k= 
0, -+ 1, -+ 2 , . . .  times through the kth flux loop. In the case in which the order 
of magnitude stimations (4.2) hold true almost all electron paths will wind 
through a large number of loops; hence, ~kr/k ~ 0 by mutual cancellation of 
terms. Also A -~ 0 because of the random positions and orientations of the flux 
loops. Now the propagator will be given to a good approximation by 
G(fli) ~ ~ F~"#(fli) = Go(fli), (4.4) 
which is the free propagator in the absence of any flux loops. In this way one 
reaches the tentative conclusion that a dilute gas of loops of flux (/) does not 
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lead to an observable (macroscopic) Aharonov-Bohm effect, regardless of the 
value of q~, as a result of a mutual cancellation of the Aharonov-Bohm effects 
of the individual flux loops. 
5. Polymer entanglements 
Exactly solvable models of polymer entanglements have been studied by 
Prager and Frisch TM, Edwards ~9, Alexander-Katz and Edwards 2°, Saito and 
Chen2~), Wiegel ~3"~) and Inomata and Singh~4). Since a review can be found in 
chapter 5 of 4) there is no need to repeat any calculations here. Rather we quote 
the expression for the configuration sum Q,(r~, N ]r0,0) of a polymer with 
end points at rN and r0, which consists of N repeating units-  each represen- 
ted by a freely hinged link of length I - ,  and which has an entanglement index 
n with the curve D: 
Q,,(rN, N Jr0, 0) = 
~rN, N} 
(ro,O) ( ' 
N 
0 
N 
exp/   
0 
(5.1) 
In this equation /3 = (k~T) t and W is the potential of the force per repeating 
unit. Comparison with (3.7) shows that this problem is in a one-to-one 
correspondence with the problem of calculating a constrained propagator in 
the Aharonov-Bohm effect provided the following substitutions are made: 
Qn(rN, N ]ro, O)<z>F,,(rf, tflr,, tO; t,<=>it/fi; /3W<=>V;12¢z>3ti2/m. With these sub- 
stitutions any result about polymer entanglements can be translated in terms 
of the Aharonov-Bohm effect and inversely. 
Some subtle differences between these problems should be noted. In those 
cases in which the potential V has bound states the Aharonov-Bohm diffrac- 
tion pattern is determined by the asymptotic behavior of the scattering states. 
On the other hand, for the polymer entanglement problem the configuration 
sum (5.1) is dominated for N >> 1 by the bound states only. A second striking 
difference is that a closed polymer can also show self-entanglements, which 
do occur in electron paths but do not lead to observable effects. These 
self-entanglement problems cannot be formulated in terms of constrained 
path integrals but can be broached only with the Alexander polynomial. For 
this algebraic approach the reader is referred to the papers of Voiogodskii et 
al.ZZ':3), Frank-Kamenetski i  et al. 24) and des Cloizeaux and Mehta25). 
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